CONCURSUL INTERJUDETEAN DE MATEMATICA “SPIRU HARET”
EDITIA a XXV-a, 16 MAI 2026
Filiera teoretica, profilul real, specializarea matematica - informatica
Clasa a X-a
BAREM DE CORECTARE SI NOTARE

Problema 1
a) Si se arate ca dacdz,,z, € C, atunci |z, + 2, = |z [ +|z,[ +2,2, + 2,2,.

b) Demonstrati ¢d |az, +bz,|" — |bz, +az,|" = (a2 —bz)(|zl|2 _|Zz|2) ,oricare ar fi a,beR.

Solutie
2 - — 2 2 = =
a) |zl+zz| =(Z1+Zz)(zl+zz):|21| +|22| +2,2, + 2,2,

2 2 2 2 2 2 - — 2 2 2 2 - T
b) |azl+bzz| —|bzl+azz| =a |zl| +b |Zz| +abz,z, + abz;z, —b |Z1| -a |Zz| —abz,zy —abz;z, =

(@ =2)(laf - )-

Barem

a) | Scrie: |z, +2,| =(z, +22)(Z_I+Z) Ip
Finalizare 2p

b) | Demonstreaza ca |az, +bz,|" —|bz, +az, [ =a*|z,[ +b*|o|" — 0P|z | —d?|z[ = | 2P
Finalizare 2p

Problema 2

an+1+bn+1 S am+1+bm+1
a'+b"  a"+b"

b) Fie a,b>1 si numarul natural n. Demonstrati ca (log, b)"+1 +(log, a)"+1 > (log, b)" +(log, a)".

a) Fie a,b >0 si numerele naturale n > m . Demonstrati ca

Solutie
a)
n+l n+l m+1 m+l1
a” +b a” +b
- bn > — bm <:>(an+l+bn+1)(am+bm)2(am+l+bm+1)(an+bn)<:>
a + a +

an+m+l+an+lbm +bn+1am +bn+m+1 2an+m+1 +am+1bn +bm+1an+bn+m+l P

n m

a”'p" +b"a" —a™' " —b"a" >0 = a"b” (a —b)+ a”b" (b —a) >0 (Z" - Z’" J(a —b) > 0.

n+l n+l
b) Pentru m=0,ab=1= @ +b > a;b >Jab =1.inlocuind a culog,b si b cu log, a

a" +b"
obtinem c (log, b)"" +(log, a)"" > (log, b)" +(log, a)".
Barem
a) n+l n+l m+1 m+1 1
Scrie: a +b > a +b Py an+1bm +bn+1am _am+1bn _bmHan 2 O p

a"+b"  a"+b"
Finalizare 2p




b n+l n+l 2

) Demonstreaza ca u >1, cuab=1 P

a"+b"
Finalizare 2p

Problema 3

) 1 1 1 1
Fie a,b,c,d € Q" astfel incat (ab+ac+ad+bc+bd+cd)(—+z+—+g) =a+b+c+d.

a c

a) Demonstrati ca ()chy)3 =X+ + 3xy(x+ y),Vx,y eR
b) Demonstrati ca are loc egalitatea

(1 11 1)3:1 11 1+3(a+b)(1+(c+d)(a+b)J+3(c+d)(1+(a+b)(c+d)j

—t—t—t— | ==+ —+—

a b c a@ b o d a’b’ cd c’d’ ab
N
c¢) Demonstrati ca = + e + = + ra eQ.

lon Bursuc, profesor, Suceava
Solutie:

a) (ery)3 =X +3x°y+3x° +y° :x3+y3+3xy(x+y),Vx,yeR
b) sic)
Notdim ) ab=S5,,> a=S,.

1 1 1 1y (1 1y (1 1Y 11
Deoarece | —+—+—+—| =|—+—| +|—+—| +3| —+—
a b ¢ d a b c d a b

1 1 1 1 _1(1 1 1(1 1) 3(a+b)(c+d)(a+b c+d
=—+5t5+—5+3—| —+—|+3—| —+— |+ + =
a b ¢ d ab ab cd

i+i3+c_13+i+3(a+b)(1+(c+d)(a+b)}+3(c+d)(1+(a+b)(c+d)J:

a b d’ a’*b’ cd A2d? ab

1 1 1 1 3(a+b)(cd+(c+d)(a+b)) 3(c+d)(ab+(a+b)(c+d))
=—t—t—t—+ + =

a@ b d a*b*cd cd*ab

1 1 1 1 3(a+b) 3(a+b)S, 3(c+d) 3(c+d)S, 3

=t —t—t—- + - +
a b ol & abcd a*b*cd abcd c*d*ab
11 1 1 35 3S((a+b)ed+(c+d)ab)

=ttt + =
ad b d abed a’b*cd?
1

—L+L+_+L_i S -9 (l.}.l_{_l_}_lj —L+L+L+L:>§/L+L+L+i—
@& b A abed' \a b ¢ d a b ] d a b o d

a) | Scrie: (x+y) =X 437y 4307+ =" + ¥ +30(x+ y),¥Vx,y e R Ip

b) . [1 11 1}3 (1 1)3 [1 1)3 (1 1)(1 1}(1 11 1j Ip
Scrie: | —+—+—+—| =|—+—| +|—+—| +3|—+— || —+—= || —-F+—+—+—
a b ¢ d a b c d a bNc d)\a b ¢ d




Demonstreaza ca 2p

(1 11 1}3:%+bi3+i3+%+3(a+b)(1+(c+d)(a+b)]+3(c+d)£1+(a+b)(c+d

ot 272 2 12
a b ¢ a c ab cd cd ab

c) Vv(1111j31111 2p

Demonstreazd cd | —+—+—+— | =—5+—+—5+—

a b ¢ a b d

Finalizare Ip
Problema 4
a)Fie a,b e [0,1] . Demonstrati ca \/%+ (l—a)(l—b) <1.
b) Fie a,b,c € [0,1] . Demonstrati cd  +/abc +\/(1—a)(1—b)(1—c) <1.
Generalizare.
c) Fie a,,a,,...,a [0 1], neN, n>2.Demonstrati ca

Jaa,..a, +\/(1—a1)(1—a2)...(1—an) <1.
(Andrei Anca)

Solufie. a) Fie a=sin‘a si b=sin’f, ap e{o,ﬂ. Tnegalitatea se rescric in forma
sing -sin f+cosa-cos f<1 < cos(a— ) <1, care este adevaratd.

b) Folosind a) rezulta ca \fa (bc) +4/(1-a)(1-be) <1.

Deoarece  [(1-b)(1-c) <v/1-be & b(1-c)+c(1-b)20, care este adevarati, rezulti c
Jabe +.J(1-a)(1-b)(1-¢) < Vabe +J(1-a)(1-bc) <1

¢) Demonstram prin inductie dupd n. Pentru n=2, n=3 inegalitatea este demonstratd din a), b).
Presupunem ca are loc pentru n si aratam ci este adevarata si pentru n + 1. Folosim faptul ca

Vs +J=a) (=) -(1-a,)(1-a,,) <

Jaa,..a, +\/(1-a)(1-a,)..(1-a,) <

Jaa,..a, ( \/anﬂ) +(1-a,)(1-a,)..(1-a,)a,, 20, care este adevarati.
Cum\/aazia—i—\/l a)(1-a,)..(1-a,)<1=

Sy + @) a) a1 a) <!

Barem

. .2 . . 2 T . . 2p
a) Fie a=sin"a si b=sin" g, a,f¢€ O,E . Inegalitatea se rescric in forma
sing -sin f+cosa-cos f<1 < cos(a— ) <1, care este adevaratd.
b) Folosind a) rezulti ci \/a (be)+ \/(1 —a)(1-bc) <1. 3p

Deoarece ,/ l—b l—c <1-bc c>b(1—c)+c(l—b)20, care este adevarata,
rezultd ca \/abc+\/l a 1 b)(l c) Nabe + (l—a)(l—bc)SI.




| c¢) Demonstreaza prin inductie dupa # , inegalitatea.

Nota: Orice alta solutie corecta se va puncta corespunzator.



